Abstract. We present two criteria for a group G to satisfy the following statements: any G-graded gr-prime (gr-semiprime) right gr-Goldie ring admits a gr-semisimple graded right classical quotient ring. The criterion for gr-semiprime rings is that the group G is periodic. Actually, the sufficiency of periodicity was proved by the author in 2011 and the necessity of it follows from the well-known counterexample (1979). The main result of the paper concerns the gr-prime case. In this case, Goodearl and Stafford proved the graded version of Goldie's Theorem for rings graded by an Abelian group (2000). Developing their idea we extend the class of groups to the following: (∀g, h ∈ G)(∃n ∈ N)(gh n = h n g). Moreover, for any group G outside this class, we construct a counterexample, precisely, a G-graded ring R such that Q gr cl (R) = R is gr-Noetherian but not gr-Artinian.
• gr-P, where P is some ring property, is a standard graded analogue of P. For example, a graded ring R is called gr-semiprime if it does not contain nonzero graded nilpotent ideals; R is called a right gr-Goldie ring if it does not contain infinite direct sums of graded right ideals and also satisfies the maximal condition for graded right annihilators.
• Q gr cl (R) = RS −1 is the graded classical right quotient ring of R, S is a set of homogeneous regular elements of R. As well known, Q gr cl (R) exists iff Ore's conditions hold for h(R).
• Q gr (R) = lim − → I∈I HOM R (I, R) is the maximal graded right quotient ring of R, I is a set (graded topology) of all gr-dense right ideals of R.
• M n (R)(g 1 , . . . , g n ), where n ∈ N, g 1 , . . . , g n ∈ G, is a matrix ring with the following G-grading: M n (R)(g 1 , . . . , g n ) h = (R g −1 i hg j ) ij .
Introduction
The paper is devoted to the graded version of the following well-known theorem.
Theorem (Goldie, 1960 , [1] ). The following conditions on ring R are equivalent:
(1) R is a semiprime right Goldie ring; (2) a right ideal of R is essential iff it contains a regular element; (3) the right classical quotient ring Q cl (R) of R exists and is semisimple. Under these conditions, Q cl (R) is simple iff R is prime.
Condition (2) in the proof of Goldie's Theorem plays a key role. Johnson [2] established that this condition together with right finite dimensionality of R gave a sufficient condition for the coincidence of the classical Q cl (R) and the maximal Q(R) right quotient rings of R.
The analogs of this theorem for rings graded by group have been studied by many authors since the late 1970's. Review the most significant results.
• [3] There exists a Z-graded gr-semiprime gr-Goldie ring R such that Q gr cl (R) = R is not gr-Artinian:
Thus, the graded analogue of implication (1) ⇒ (3) does not hold without extra conditions.
• [9] The graded analogs of (1) ⇐ (2) ⇔ (3) hold similar to the ungraded case. The important difference is that the quotient rings Q gr cl (R) and Q gr (R) of gr-semiprime right gr-Goldie ring R can be not equal, but Q gr (R) is gr-semisimple anyway. In fact, Q gr (R) = Q gr cl (R) iff Q gr cl (R) exists and is gr-semisimple. For ring R from the example considered above, the Q gr (R) is a direct sum of two graded fields, precisely,
} and x −1 is an equivalence class of the following homomorphism of R-modules: (x, y) → R, x → 1, y → 0.
• [6] Let R be a gr-prime gr-Goldie ring graded by an Abelian group G. Then there exists the grsimple gr-Artinian ring Q gr cl (R). See also [6] and the bibliography stated there for applications to quantized coordinate rings.
• [8] Let R be a right graded gr-Goldie ring satisfying the following condition:
R is right e-faithful, i. e., (∀g ∈ G)(∀r ∈ R g \ 0)(∃r ∈ R g −1 )(rr = 0), and R e is semiprime. ( * ) Then the following is true:
there exists the gr-semisimple ring Q gr cl (R) = RS −1 e , where S e = S ∩ R e equals the set of regular elements of R e , R e is a semiprime right Goldie ring and Q cl (R e ) = Q gr cl (R) e = R e S −1 e .
( * * )
Note that in [4] there was proved a similar theorem under the following assumptions: R is right e-faithful and R e is a semiprime right Goldie ring.
• [8] Condition ( * ) holds for gr-semiprime G-graded right gr-Goldie ring R in both cases: either the support Supp(R) = {g ∈ G | R g = 0} of R is finite, or the group G is periodic.
In this paper we prove the following two criteria on group G for Goldie theorem to be true for all G-graded gr-semiprime and, respectively, gr-prime right gr-Goldie rings. Theorem 1. The following conditions on group G are equivalent:
(1) for any G-graded gr-semiprime right gr-Goldie ring R, the ring Q gr cl (R) exists and is gr-semisimple; (2) G is periodic. Moreover, any gr-semiprime right gr-Goldie ring graded by a periodic group satisfies ( * * ).
Theorem 2. The following conditions on group G are equivalent:
(1) for any G-graded gr-prime right gr-Goldie ring R, the ring Q gr cl (R) exists and is gr-simple; (2) (∀g, h ∈ G)(∃n ∈ N) (gh n = h n g); (2) (∀g, h ∈ G)(∃m, n ∈ N) (gh m = h n g).
Let us discuss about the class of groups from condition (2) and its significant subclasses. Note 1. Before the author proved Theorem 2, his student Dmitry Bazhenov had proved [10] that condition (1) holds for any group with finite commutator subgroup G . As A. U. Olshanskii noted, such groups lie in the variety satisfying the identity gh n = h n g for some n. Indeed, if |G | = k ∈ N then
The considered identities have a significant place in the theory of group varieties, see [7, §31] . We also note that free groups of this variety for sufficiently large odd n are torsion-free [7, Theorem 31.2] . Note 2. The condition "G/Z(G) is periodic" is stronger than condition (2) and is obtained from it by permutation of two quantifiers. In fact, condition (2) holds iff any finitely generated subgroup of G admits a periodic quotient group modulo center. In particular, (2) ⇔ G/Z(G) is periodic whenever G is finitely generated. For arbitrary group, this is not true as the following example shows. See all classes of groups considered above on the following diagram.
Proof of sufficiency in Theorems 1 and 2
In order to prove (2) ⇒ (1) in both theorems, like in the ungraded case, it is sufficient to find a homogeneous regular element in every gr-essential right ideal of given gr-(semi)prime right gr-Goldie ring R. Besides, we know that s is regular iff r R (s) = 0 for all s ∈ h(R).
So, let R be a gr-semiprime right gr-Goldie ring, I a gr-essential right ideal of R.
• Step 1. Since the gr-Goldie dimension of R is finite, one can find a gr-uniform element a ∈ h(R) (that is, the graded right ideal aR is gr-uniform). By [5, Lemma 8.4.3] , its right annihilator r R (a) is maximal among right annihilators of nonzero homogeneous elements of R.
• Step 2. By [5, Lemma 8.4.2] , there exists an element b ∈ h(R) such that ba is non-nilpotent. Clearly ba is gr-uniform together with a.
• Step 3. By induction, one can find the gr-uniform non-nilpotent elements a 1 = ba, a 2 , . . . , a n ∈ I such that a i+1 ∈ i j=1 r R (a j ) for 1 i < n and n j=1 r R (a j ) = 0. Then, the sum n j=1 a j R is direct since r R (a j ) = r R (a 2 j ) for all j (so that is why the process terminates). It follows from this that r R (a 1 + . . . + a n ) = n j=1 r R (a j ) = 0 whence the element a 1 + . . . + a n ∈ I is regular.
All these arguments are absolutely similar to the ungraded case. The main problem is that the degrees of homogeneous elements a 1 , . . . , a n can be different so their sum can be not homogeneous.
Finish of Proof (2) ⇒ (1), ( * * ) of Theorem 1. As noted in the introduction, this follows from the more general result of the author. We give more short proof here.
So, suppose that G is a periodic group. Let k i be an order of deg a i ∈ G, i = 1, . . . , n. Then a k i i ∈ I e and r R (a
n is a regular element from I e . Now we prove statements ( * * ). Since rs −1 = (rs k−1 )(s k ) −1 , where r ∈ R, s ∈ S, k = O(deg s), we have RS −1 = RS −1 e . Let us suppose that p ∈ R e is a zero divisor of R and pr = 0 (rp = 0) for some r ∈ h(R) \ 0. Then pr l = 0 (r l p = 0), where l = O(deg r), so p is a zero divizor of R. Hence S e equals the set of regular elements of R e . Finally, for any right ideal I of R e , we have I is essential of R e ⇔ IR is gr-essential of R ⇔ IR ∩ S = ∅ ⇔ I ∩ S e = (IR ∩ S) e = ∅ because R is e-faithful in view of the periodicity of G. Thus, R e is a semiprime Goldie ring.
Finish of Proof (2) ⇒ (1) in Theorem 2. Goodearl and Stafford [6] find the elements s 2 , . . . , s n ∈ h(R) such that a 2 1 s 2 a 2 2 s 3 . . . s n a 2 n = 0 using the gr-primary of R. Then, they use [6, Lemma 2] and construct the non-nilpotent elements
In [6] , the group G is supposed to be Abelian and so all d i 's have the same degree thus their sum d is homogeneous; the standard reasoning proves that d is regular. Let us enhance this result.
Denote deg c =: g and deg
Obviously, all h i 's are conjugate. Condition (2) gives numbers k 1 , . . . , k n−1 ∈ N such that h 
3 Proof of necessity in Theorems 1 and 2: the constructing of counterexamples Proof of (1) ⇒ (2) in Theorem 1. Suppose that the group G contains an element h of infinite order. Then one can adapt the well-known example [3, Example 9.2.2]: consider the ring R = k[x, y]/(xy) (k is a field) with the following G-grading:
We see that Q gr cl (R) = R is gr-semiprime gr-Noetherian but not gr-Artinian ring. Proof of (1) ⇒ (2) in Theorem 2. Assume the converse, suppose that the group G contains elements g, h such that
Let us consider a polynomial ring D = k[t] over field k supplied the following G-grading: D h n = kt n for n 0, and D σ = 0 for other σ ∈ G. Also consider a G-graded matrix ring
It is clear that R is a prime Noetherian (right and left) but not gr-Artinian ring. Let us show that the set S of homogeneous regular elements of R is exhausted by diagonal matrices over k * . It follows from this, that Q 
On the other hand,
Comparing this with the previous equality, we have
The case k < l is similar.
